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The one-dimensional motion of a viscous incompressible liquid in which particles are sus- 
pended is described by the mathematical model used in [1]. Two examples are discussed: 
the precipitation of particles from the suspension, and a boiling layer. The results are 
presented in the form of graphs. 

1. Mos t  of  the  r e s u l t s  of  i n v e s t i g a t i o n s  o f  the  m o t i o n  of  t w o - c o m p o n e n t  m e d i a  a r e  g iven  in m o n o g r a p h s  
[2-4] .  G o l ' d s h t i k  [5] g i v e s  a q u a l i t a t i v e  a n a l y s i s  of  the  p h e n o m e n a  in a bo i l i ng  l a y e r  and p r e s e n t s  c e r t a i n  
c h a r a c t e r i s t i c  r e l a t i o n s  be tween  the p r e s s u r e  and the p a r t i c l e  d e n s i t y  in the  l a y e r .  

We c o n s i d e r  the  f low of  a m i x t u r e  of  a v i s c o u s  i n c o m p r e s s i b l e  l iqu id  and i n c o m p r e s s i b l e  s p h e r i c a l  
p a r t i c l e s  of  c o n s t a n t  r a d i u s  in a d o m a i n  Q~ { 0_< x ~ L} in the t i m e  i n t e r v a l  t C [0, T].  The  a c c e l e r a t i o n  
clue to g r a v i t y  g i s  in the  d i r e c t i o n  o f  the  X a x i s .  The  equa t i ons  d e s c r i b i n g  the  n o n s t a t i o n a r y  o n e - d i m e n -  
s i o n a l  m o t i o n  of  a t w o - c o m p o n e n t  m e d i u m  a r e  [1] 

OI~ 0 
o-7 -~- ~ (Pivi) = 0, 9i = m,ct~, ,n, = const. % -1- (h :-: 1 

[)i \ ' -~  =-  t)i --OX] = f)ig - -  fs165 ~-  2 p .  {~i ~y,) -I- ( - - t )  i ig (/;I /20) -1- ~'O - a~fl 025) a,  

v = o,,v,,-:- pry, k := 3 ~3 = xW..~, ( I , i )  
P,, + P~ ' 1 -- 1,~ (:hl~,*): ' ' r" 

m ~ m o ,  k a = c o n s t ,  t~_i0 ,  T], x ~ 1 0 ,  L] 

The  s u b s c r i p t s  0 and 1 r e f e r  to the  l iqu id  and the p a r t i c l e s  r e s p e c t i v e l y .  We deno te  by  p and v the  
p r e s s u r e  and the a v e r a g e  m a s s  v e l o c i t y  of  the  m i x t u r e ;  vi,  (~i, and Pi a r e  r e s p e c t i v e l y  the  v e l o c i t i e s  of  the  
c o m p o n e n t s ,  t h e i r  s p e c i f i c  v o l u m e s ,  and d e n s i t i e s ;  the  m i a r e  the  t r u e  d e n s i t i e s  of  the  m a t e r i a l s  of the  
c o m p o n e n t s ;  P0 and X 0 a r e  the  v i s c o s i t y  and d i f fu s ion  c o e f f i c i e n t s  o f  the  l iqu id ;  r i s  the  r a d i u s  of  the p a r -  
t i c l e s ;  L i s  the  l eng th  of  d o m a i n  Q; T is  the  c h a r a c t e r i s t i c  t i m e  of  the  p r o c e s s .  The  shape  f a c t o r  • = 4.5 
fo r  s p h e r i c a l  p a r t i c l e s ;  cq* i s  the  p a r t i c l e  d e n s i t y  fo r  m a x i m u m  c l o s e  pack ing .  F o r  a t e t r a h e d r a l  a r r a n g e -  
m e n t  of  s p h e r i c a l  p a r t i c l e s  a g e o m e t r i c a l  c o n s t r u c t i o n  g i v e s  

r = ~'/9 at3 (n -k 1) (n -~- 2), n ..... integer (1.01965/r  --0.73205) 

For r _< 0.1 mm,cyl* ~ 0.7. 

The problem is to determine the functions p, v, v i, ffi' and Pi which satisfy Eqs. (1.1) inthe domain 
QT = Q • [0, T] and the boundary conditions 

vo(0, x) == r/0~ v,(O, z) = U,~ ~,(0, z) = ~,~ 

t =: 0, z ~  Q (1.2) 

c'~ ~t, O) = (F ~ (t), v, (t, O) = 0 
~,,(t. L)-= @(t), v,(t, L ) - -  0 , t,~=-[O, T 1 
p (t, O) = P~ = const (1.3) 
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Fig. 1 

The functions ~~ and r  must  satisfy the condition 

~o it, o) r (t) = ~o (t, L) @(t) 

We il lustrate the main features  of this problem by the ex-  
ample of the precipitat ion of  the suspended par t ic les .  

2. The precipitat ion of par t ic les  f rom a suspension typically 
develops in the following way (Fig. 1). At t ime tl ~ a zone of pure 
liquid Ql appears in the upper par t  of domain QT; at t ime t3 ~ a 
zone of dense precipi tate  Q3 appears  at the bottom of QT. Between 

them there is a zone Q2 containing suspended par t ic les .  The zones are separated by the boundaries 1-'12 
and F23. In the limit as t - -  T the boundaries Fi2 and F23 approach the s t ra ight  line x = x ~ asymptotically.  
This state corresponds  to the complete precipitat ion of the suspended par t ic les .  

For  the problem of the precipitat ion of part icles ,condit ions (1.2) and (1.3) are  written in the form 

t'o(0, x )=0 ,  v l (0 ,x )=0 ,  ch(0~x)=al ~ t:=0, x ~ O  (2.1) 

vo(t, 0 ) = 0 ,  v~(t, 0 ) = 0  } t ~ [ 0 ,  T I (2.2) 
~'o (t, L) = O, I}1 (t, L) --=- O, p (t, O) = Pa ' 

A different set of equations holds in each zone. In zone Q1 the equations of a s ingle-phase viscous 
liquid apply, and these together with (2.1) and (2.2) give 

~,~ (t, x) = O, % ( t , x ) = t  }. ( t , x )~Ql  (2.3) 
Vo (t, x) = 0. p (t, x) = Pa -4- mogx 

In zone Q2 sys tem (1.1) must  be solved; in Q3 

% (t, x) -= I --  ch* = const, ch (t, x) = al* 

vo( t ,x)=0,  v l ( t , x ) = 0  ] 
ap~ @ I , (t, x) =- (23 a--#=m~ ~ = m , g  

(2.4) 

In zone Q3 the par t ic les  are  in contact with one another and the p re s su re  between par t ic les  is t r ans -  
mitted direct ly through the liquid. As a resul t  the p ressu re  p in the mixture is different f rom the p r e s -  
sure P0 in the liquid. 

Equations (2.3), (1.1), and (2.4) form a closed system. 

3. The laws of conservat ion of mass  and momentum of the liquid and par t ic les  must  hold on the bound- 
ar ies  I'12 and r23. These requirements  determine the conditions the unkno~,a functions must  satisfy on 
these boundaries.  

Let us consider  a volume bounded by the points x_(t) and x+(t) moving so as to include the same set 
of liquid par t ic les .  Here x_ ~ Q1 and x+ ~ Q2- Let x ,  -C F12 , X_ < X, < X+. Then 

6x_ dx+ dx, 
- -  = O. == 1:o. ( t ,  x §  = v I .  ( t ,  z . )  ~t -gT "~- (3.1) 

where v0+ and vl+ are  the velocities of the liquid and par t ic les  at the boundary F12 on the Q2 side. Con- 
s e r v a t i o n o f m a s s  of the liquid is descr ibed by the equation 

�9 ~ ,  X §  

d-7 modx -'c podx =- 0 

Hence 

x +  

rno ~ [ ] - F e ~ 1 7 6  x * ) ' T F +  at _ _ = 0  
x .  

or  using (3.1) we obtain 
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ao,Vo+ + al+vl+ = 0 (3.2) 

In d e r i v i n g  (3.2) i t  was  a s s u m e d  tha t  P0 i s  a con t inuous  func t ion  of  x in zone Q2 and the  i n t e r v a l  ( x , ,  

x4) i s  s m a l l .  

S i m i l a r  a r g u m e n t s  fo r  the  p a r t i c l e s  and the  m i x t u r e  show tha t  c o n s e r v a t i o n  o f  m a s s  on  F12 l e a d s  to 

the  s a m e  cond i t i on  (3.2).  

C o n s e r v a t i o n  o f  m o m e n t u m  of  the  l iqu id  m u s t  be s a t i s f i e d  on F12. L e t  ix_, x , )  and (x , ,  x+) be  two 
v o l u m e s  m o v i n g  with  the  v e l o c i t y  of  the  p a r t i c l e s  on the  b o u n d a r y  F12; x ,  ~ F12. As  x - -  x+ the l a w  of  
c o n s e r v a t i o n  o f  m o m e n t u m  of  the  l i qu id  in the  f i r s t  vo lume  can  be  w r i t t e n  i n t h e  f o r m  

av_~, r ,, o~,+] 
2~o -gT) - -  9o-Vo- (vo- - -  vl-) = %-,(--P+-4- ~11o-gTx j - -  Oo,Vo+ ( v o + -  vl+) ~0- C--p_ + 

The  r i gh t -hand  s ide  of  t h i s  equa t ion  c o n t a i n s  the  t o t a l  m o m e n t u m  e n t e r i n g  the  f i r s t  vo lume  f r o m  the  
Q2 s i d e ,  and the  s q u a r e  b r a c k e t s  con t a in  the  e x p r e s s i o n  f o r  the  s t r e s s  t e n s o r  of the  m i x t u r e .  Tak ing  a c -  

count  of  the  f ac t  t ha t  

ao- = l ,  Ov_/Ox = O, Ovo./Ox = O, vo- = O 

we ob t a in  

- - p _  = - -  p+ + 2poOV+/Ox - po, vo~ (Vo~ - -  vr~) 

The  s a m e  a r g u m e n t s  fo r  the  s e c o n d  vo lume  g ive  

- -p_ = _ p+ --~- 2ix o 
Po+Vo~ 

3r 
- -  (vo ,  - -  v~+), ao~ > 0 

(3.3) 

(3.4) 

In d e r i v i n g  (3.3) and (3.4) a l l  body  f o r c c s  w e r e  a s s u m e d  r e g u l a r  in the n e i g h b o r h o o d  of  x ,  o 

Us ing  (3.3), (3.4) and the  l a w  of  c o n s e r v a t i o n  of  m o m e n t u m  of  the  p a r t i c l e s  l e a d s  to the  fo l lowing  r e l a  

t ions  on the l i ne  F12: 

vo-= Vo~= 0, a o - =  ~o~ := t ,  p + -  p_  + 2pr 

At poin t  x ,  the  c o n d i t i o n s  

(3.5) 

a~+ (t, x , )  - -  O, Oa~+ (t, z . ) / O x  > 0 (3.6) 

m u s t  be s a t i s f i e d .  

The func t ions  ~0 and v 0 m u s t  be  con t inuous  a c r o s s  the  b o u n d a r y  r12 , but  the  p r e s s u r e  can  e x p e r i e n c e  

a j u m p .  

The  l a w s  of  c o n s e r v a t i o n  of  m a s s  and m o m e n t u m  o n t h e  b o u n d a r y  F2z g ivc  the  r e l a t i o n s  

(ao_ - -  ao*)  v ,  = ao_ro_. ( a l -  - -  a l * )  v ,  = a l - v  1- 

po-Vo- ( v ,  - -  Vo-) = ao-po-  - -  2~oao dV_/Ox - -  ao:"po~ 

91-v l -  ( v .  - -  v x ) = a l_  p_ - -  2poCCl:Ov_/Ox - -  a l*p~  
(3.7) 

The  s u b s c r i p t  m i n u s  d e n o t e s  q u a n t i t i e s  on the  Q2 s i d e ,  and the s u b s c r i p t  p lus  r e f e r s  to the  Q3 s ide .  
The  quan t i ty  v ,  = d x , / d t  i s  the  r a t e  o f  change  of  the  t h i c k n e s s  of  the  p r e c i p i t a t e  l a y e r ,  and v~ ~ v , .  On 
F23 ~ m u s t  s a t i s f y  the  cond i t i on  

al+ =: al* = const (3.8) 

4. The  a c c u r a c y  o f  the  s o l u t i o n  o f  the  p r o b l e m  d e p e n d s  on the  c o r r e c t  s e l e c t i o n  of  the  b o u n d a r i e s  of  
the  m e d i a  and s a t i s f y i n g  c o n d i t i o n s  (3.5) and (3.7) on t h e m .  

If the  d o m a i n  Q1 is  tmown, the  unknown func t ions  wi th in  i t  a r e  found in the  f o r m  of  the  f in i t e  r e l a t i o n s  
(2.3).  
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Let us consider  domain Q2- Suppose the functions v n, Vo n, vin , pn, ~0 n, ~ln, po n, Ptn are  known at 
t ime t n in Q2. Then the relation dx . /d t  = vl .  can be used to find x .  n+l _ the boundary F12 at the next instant 
t n+t. The equation of continuity for the par t ic les  enables us to find al  n+l in Q2 and consequently also the 
functions so n+l, po n+l, and pl n+l. In addition the boundary F23 can be determined from Eqs. (3.7) and (3.8). 

Using (2.2) and the equation of continuity gives the integral  

aoze + a l v l  = 0 (4.1) 

After eliminating the p res su re  from the momentum equations and using (4.1) we obtain the equation 
for v 0 

Or;,, 02VO -I-. 000 
a --~T + b-3.~x ~ _ c o~ + dvo = e (4.2) 

where the functions a, b, c, d, and e depend on t, x, v0, s l ,  O~J0x ,  02s l /0x 2. On the curve I~12 o~ 0 = 1 and 
Eq. (4.2) contains a singulari ty (s 0 - 1) -~. But f rom (3.5) we have v0/F~2 = 0. At other  points in Q2 so < 1. 
Condition (3.7) enables us to find the value of v 0 on F2a , and then Eq. (4.2) can be solved in Q2 numerical ly.  
We find vl n+l f rom (4.1), v n+l f rom the corresponding formula,  and f rom any momentum equation with con-  
dition (3.5) we find the p res su re  p n + l  Thus the unknown functions in Q2 are found at time t n+l. 

Solving Eqs. (2.4) and (3.7) in zone Q3 we obtain the unknown functions in the whole domain Q. They 
can be found at the next instant by repeating the procedure  described.  

The algorithm described was programmed in FORTRAN. The differential  equations were integrated 
numerical ly by the finite difference method. The difference schemes used gave second-order  approxima - 
tions in the spatial variable and f i r s t -o rder  in the time. The number of mesh  points in theX direct ion was 
chosen equal to 100. The average t ime to calculate one variant of the problem on a B]~SM-6 computer  did 
not exceed 10 rain. 

5. Various cases  of the precipitat ion of par t ic les  were calculated as functions of mo, ml, P0, X0, r ,  
and other pa ramete r s .  The resul ts  are presented graphically for the precipitat ion of 0.1 mm radius pa r -  
t icles having an initial density as ~ = 0.2. The par t ic les  were precipitated f rom water :  

I% = 0"110 -2 kg/m'sec. ~0 = 0.11!~ -9 mZ/sec, 

m o =  t000 kg/m ~ 

Figure 2 shows the part icle  density as a function of height in domain Q at t ime t = 60 sec.  Curves 
1, 2, 3, 4, and 5 correspond to par t ic les  with densit ies m I 2, 5, 10, 15, and 20 t imes l a rge r  than the den- 
sity of water  m 0. The dashed line shows the initial density at t = 0. 

Figure 3 shows the precipitat ion f rom water of glass  spheres  with r = 0.1 mm and m I = 2 m 0. Curves 
1, 2, 3, and 4 descr ibe  the behavior of a t at t imes t = 50, 200, 450, and 3600 sec.  

Figure 4 shows the velocities of the par t ic les  (solid curves),  the liquid (dash-dot), and the mixture 
(dashed) for the preceding example. The ver t ical  s traight  lines 1, 2, and 3 correspond to the thickness of 
the precipitate layer  at t imes t = 50, 200, and 450 sec.  At t = 3600 sec all velocities are  pract ical ly  zero;  
i.e. the precipitation process  has been completed. It is c lear  f rom this graph that the par t ic les  and the 
liquid have nearly the same speeds, but the fact that they are moving in opposite senses  leads to additional 
forces  impeding precipitation. Therefore  according to the model of [1] the total duration of the prec ip i ta -  
tion process  is substantially longer than in models which neglect the motion of the liquid [3]. 
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This  equat ion  is plot ted in Fig.  6. 

C u r v e s  1, 2, and 3 of  Fig.  5 shaw the shapes  o f  the F12 
boundary  fo r  p a r t i c l e s  having m a t e r i a l  dens i t i e s  m 1 = 2m0, 10m 0, 
and 20m 0. It is  c l e a r  that  the F12 c u r v e s  for  h igher  dens i ty  p a r -  
t i c les  a p p r o a c h  the a sympto te  m o r e  rap id ly ;  i .e .  the p r e c i p i t a -  
t ion p r o c e s s  is comple ted  m o r e  quickly .  

6. Suppose a v i scous  i n c o m p r e s s i b l e  liquid flows upward 
th rough  a l a y e r  of  sol id s p h e r i c a l  p a r t i c l e s  poured  onto a h o r i -  
zonta l  m e s h  in a ve r t i c a l  c y l i n d r i c a l  tube.  The a c c e l e r a t i o n  due 
to g r av i t y  is d i r ec t ed  downward  along the axis  of  the tube X. At 
a c e r t a i n  f low v e l o c i ~  of  the liquid v0* the buoyant  fo r ce  on the 
p a r t i c l e s  b e c o m e s  l a r g e r  than the sum of  the f o r c e s  holding the 
l a y e r  of  p a r t i c l e s  in a packed s ta te  (the weight  of  the pa r t i c l e s ,  
the i n t e r ac t ions  be tween  p a r t i c l e s , e t c . ) .  The l a y e r  begins  to 
th icken,  the d i s t ance  between p a r t i c l e s  i n c r e a s e s ,  and the p a r t i -  
c les  b e c o m e  s e p a r a t e d  by l a y e r s  of  l iquid.  Since the pa s sa g e  of  
the liquid i n c r e a s e s  the c r o s s  sec t ion  of  the l aye r ,  the veloci ty  
of  the liquid and the buoyant  f o r c e  d e c r e a s e .  A d i s t r ibu t ion  of  
pa r t i c l e  dens i t i e s  and ve loc i t ies  is e s tab l i shed  in the l a y e r  such 
tha t  the buoyant  fo rce  is ba lanced  by the weight.  The mot ion  of  
the p a r t i c l e s  in the l a y e r  r e s e m b l e s  the boi l ing p r o c e s s  and by 
analogy such  a l a y e r  is ca l led  a boi l ing l a y e r .  

A s i m i l a r  de sc r i p t i on  o f  a boil ing l a y e r  is given by Gol 'dsht ik  
[5]. T h e r e  he p r e s e n t s  an e l e m e n t a r y  t h e o r y  of  the l aye r  based  
on e m p i r i c a l  hypo theses  and qua l i ta t ive ly  d e s c r i b i n g  the mot ion  
in a un i fo rm boi l ing l aye r .  A un i fo rm boi l ing l a y e r  is one in 
which the flow of  the liquid and the p a r t i c l e s  is d i s t r ibu ted  uni-  
f o r m l y  o v e r  the whole th ickness  of  the l aye r .  A un i fo rm boil ing 
l aye r  has  a c l e a r l y  defined upper  boundary  s epa ra t i ng  it f r o m  
the zone of  "pure"  liquid where  the pa r t i c l e  dens i ty  is much  lower  
than in the l aye r .  

A un i fo rm boi l ing l a y e r  is not a lways  r ea l i zed .  Let  us con-  
s i d e r  how the pa r t i c l e  dens i ty  ~l ~ in the l a y e r  and the veloci ty  of 
the l iquid v0* m u s t  be r e l a t ed  for  a boi l ing l a y e r  to be poss ib le  
and s table .  We solve  the s y s t e m  of equat ions  (1.1) fo r  the condi -  
t ions 

J Vo*(1 --the), x:---- I(), 11 ~ (0 ,  x) = [ O, x,-:V}, 1] 
U 0  ( 0 ~  .F )  

/ ~3o*, xC:_l l ,  L]' Itzx ~ x~_ [/, L] (6.1) 

v~(t,x) 0, x<-10, L1, t = 0  

Vo (t, O) = Vo* (1 - -  (h~ ~'1 (t, O) =- 0 / t ~:::. [0, T 1 ( 6 . 2 )  
~',, (t. l.) = Vo*, ~-~ (t, L) - 0 I '  

where  [L - l r is  the ini t ia l  th ickness  of  the l aye r .  By using (6.1) 
and (6.2) we so lve  (1.1) fo r  v0* as a funct ion of  &l~ 

�9 "-' ,[-1 -- s ' :L I al~ -- cL1~)(ino -- "h) g (6.3) 

The f igure  shows that  the so lu t ion  of  p rob l em (1.1), (6.1), and (6.2) 
is not unique in the r ange  a l ~ = 0 to ~1 ~ = e l *  = 0.7, the value for  c lose  packing.  In o r d e r  to s e l ec t  the 
s table  so lu t ion  tes t  ca lcu la t ions  of  this  p r o b l e m  were  p e r f o r m e d  fo r  Eq. (6.3). It was es tab l i shed  that  fo r  
a given ve loc i ty  v0* a s table  un i fo rm l a y e r  is e n s u r e d  only for  values of  a~ ~ > 0.275, the value for  which 
v0*(c~l ~ is m a x i m u m .  The r e s u l t  a g r e e s  qua l i ta t ive ly  with the r e s u l t s  in [5] where  it is e s t i m a t e d  that  a 
s table  boi l ing  l a y e r  can ex i s t  fo r  a l  ~ > 0.35. 

Ca lcu la t ions  w e r e  p e r f o r m e d  us ing 0.275 ~ c~l ~ < ~,~* and va ry ing  the speed of  the liquid acco rd ing  
to a def ini te  law f r o m  z e r o  to the value v0* p r e v i o u s l y  found f r o m  (6.3). It tu rned  out that  a un i fo rm s table  
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boiling layer  can exist if a dense precipitate cannot be formed in the bottom layer in the time required for 
the velocity of the liquid to reach the value v0*. Otherwise the velocity v0* turns out be insufficient to bring 
the layer  into a uniform state. If v 0 is somewhat larger  than v0* the upper part of the boiling layer  is washed 
out, and its uniformity is destroyed. For v 0 >> v0* the particles float upward and a zone of pure liquid is 
formed at the bottom of the tube. 
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